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Abstract
The Skyrme Model seems unable to reproduce the small binding energy in nuclei. It was realized recently that near-
BPS Skyrme Models may be more appropriate in that regard since their solutions nearly saturate the Bogomol’nyi
bound resulting therefore in a nuclear mass that is almost proportional to the baryon number A. We are interested
in a class of such models which include terms up to order six in derivatives of the pion ﬁelds in the regime where
the nonlinear σ and Skyrme terms are assumed to be relatively small. We demonstrate that with a proper choice
of potential, one can obtain constant baryon density conﬁgurations, as opposed to the usual shell-like conﬁgurations
emerging from the Skyrme Model. This four-parameter model also lead to a very good agreement of the binding
energy per nucleon B/A with respect to experimental data.
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1. Introduction
One of the most attractive ideas to describe low-
energy QCD physics is the Skyrme Model [1], an eﬀec-
tive meson (pion) ﬁeld theory motivated by QCD 1/Nc
expansion or more recently holographic QCD [2]. Al-
though the model is usually constructed out of meson
ﬁelds alone, it can describe baryons and nuclei: they
arise as topological solitons (Skyrmions) whose wind-
ing number corresponds to the baryon number. Indeed,
the SkyrmeModel provides an eﬀective meson ﬁeld the-
ory motivated by low-energy QCD. It succeeds at de-
scribing pion and baryon physics within at least 30%
accuracy (often to a few %) but fails to give an appro-
priate account of multibaryon physics or nuclei. For
example, binding energies are too large especially for
small nuclei (e.g. deuteron  40 × observed value). In
general, ﬁnding lowest energy conﬁgurations is numer-
ically challenging so that only some low A solutions
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are known (e.g. toroidal, tetrahedral, cubic conﬁgura-
tions for A = 2, 3, 4 Skyrmions, respectively) but these
solutions are not consistent with constant densities ob-
served in nuclei. Moreover further analysis of various
potential (mass) terms, rotational deformations, higher
order terms in derivatives and additional mesons (e.g.
ω, ρ, ...) lead to similar conﬁgurations and binding en-
ergies. Since the mass of a nucleus is almost propor-
tional to that of the nucleon, Mnuclei ≈ A · Mnucleon,
and that BPS-solitons follows this exact pattern, there
has been recently a raising interest in the so-called near-
BPS Skyrme models [3, 4, 5]. Here we demonstrate that
it is possible to further reﬁne such models to reproduce
another nuclear property, a constant baryon density [6],
which contrasts with the usual shell-like conﬁgurations
found in most extensions of the Skyrme Model. Fitting
the 4 model parameters, we ﬁnd a remarkable agree-
ment for the binding energy per nucleon B/A with re-
spect to experimental data.
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2. Near-BPS Skyrme Models
We consider an extension of the original Skyrme
Model with the Lagrangian density
LNBPS = L0 +L2 +L4 +L6 (1)
such that solutions remain close to saturation of Bogo-
mol’nyi bound without losing the link with the Skyrme
Model. The pion ﬁelds are introduced through the
SU(2) matrix U = φ0 + iτiφi with φ20 + φ
2
i = 1. Using
Lμ = U†∂μU, and writing fμν =
[
Lμ, Lν
]
, LNBPS con-
tains the standard nonlinear-σmodel and Skyrme terms,
written respectively as,
L2 = −αTr
[
LμLμ
]
, L4 = βTr
(
f 2μν
)
.
and what we will assume to be the dominant terms in the
near-BPS approach, the potential term L0 = −μ2V(U)
and the sextic term
L6 = −
(
3λ2/512
)
Tr
(
fμν f νλ f
μ
λ
)
.
Finite energy solutions requires a conserved topolog-
ical charge which Skyrme identiﬁed as the baryon num-
ber or mass number A in the context of nuclei
A =
∫
d3rB0 = − 
i jk
24π2
∫
d3rTr
(
LiL jLk
)
. (2)
When α = β = 0, these solutions are BPS-solitons so
their masses are exactly proportional to A.
Here, we choose for simplicity an axially symmetric
ansatz for U (a BPS solution)
U = cos F(r) + inˆ · τ sin F(r) (3)
where the unit vector nˆ can be written in terms of the
spherical coordinates r, θ, and φ.
nˆ = (sin θ cos Aϕ, sin θ sin Aϕ, cos θ) . (4)
Note that for B > 1, this is not the absolute static
energy minimizer for α, β  0; such solutions have
been conjectured to emerge from so-called restricted
harmonic maps [7]. On the other hand, the Skyrme
Model ( L2 + L4) leads to rational map conﬁgurations
in which the proﬁle F has only radial dependence. The
ansatz (4) preserves this property and should anyhow
provide a close upper bound of the static energy for
small α, β.
The model has been reﬁned over the last few years:
1. BPS Skyrme Model (ASW) [3]: consists of L0 +
L6 alone (α = β = 0) with usual mass term
V(U) = 2T− where T± = Tr
[
(2I ± U ± U†)/8
]
.
The solutions are compactons that saturate the Bo-
gomol’nyi bound which means that they lead to
zero binding energies and unstable nuclei.
2. Near-BPS Skyrme Model (BoM) [4]: α and β are
assumed to be non zero albeit small. This requires
here a change in the potential
VBoM(U) = T+T 3−.
It can give rise to small binding energies since this
is no longer a BPS model but the baryon density
conﬁgurations are shell-like.
3. Modiﬁed near-BPS Skyrme Model (BHM) [5]: A
modiﬁed potential
VBHM(U) = −8T+T 3−/ (9 lnT−) ,
from which emerges a gaussian-like baryon den-
sity.
3. An Improved near-BPS Model
We propose an improved near-BPS Skyrme model
(BeM) [6] which can reproduce the constant baryon
density in nuclei. This can be achieved by introducing a
more appropriate potential V(U). Considering the BPS
model (α = β = 0), we ﬁnd by inspection that
VBeM(U) = −5645T+T
3
−
(1 − (14/5) ln T−)
1 − √1 − (14/5) ln T−
(5)
generates an approximately constant baryon density and
leads to an easily tractable analytical solution FBeM(x) =
2 arcsin[exp(−x2 − 7x4/5)] where x = ar with a =
(μ/ (18Aλ))1/3.
Relaxing the constraint α, β = 0 and including L2 +
L4 as small perturbations, the static energy then reads
Es = a0μλA + αa−1
(
a2 + b2A2
)
+ βa
(
a4 + b4A2
)
where a0 = 15.93, a2 = 79.75, b2 = 12.19, a4 = 1033,
b4 = 1411. Note that Es grows like αA7/3 and βA5/3.
Nonetheless, the nuclei remain bound states for a A <
250 if α and β are suﬃciently small as it turns out to be
in our case (see Fig. 1). There are further contributions
to the nuclear mass coming from the rotational energy
Er =
j( j + 1)
2V11
+
i(i + 1)
2U11
+
(
1
U33
− 1
U11
− A
2
V11
)
κ2
2
where U33,U11,V11 are (iso)rotational moments of in-
ertia, the Coulomb energy EC due to the charge density
ρ(x) = J0EM and an isospin breaking term EI to account
for proton-neutron mass diﬀerence using EI = aIi3. The
ﬁnal step consists in ﬁtting the values of the parameters
μ, α, β, and, λ using our expression for the nuclear mass
Et = Es + Er + EC + EI . (6)
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4. Results
We consider three approaches to set the parameters of
the model μ, α, β, and λ :
Fit I: We set α = β = 0 and ﬁt μ and λ using the mass
of the nuclei H and 40Ca. This corresponds to the limit
where the minimization of the static energy leads to the
exact analytical BPS solution of (5) and provides a good
estimate for the values of μ, α, β, and, λ required in Fits
II and III.
Fit II: The ﬁt optimizes the 4 parameters to better
reproduce the masses of 140 most stable isotopes.
Fit III: Same as Fit II but here we choose to optimize
the binding energy per nucleon B/A.
Fit I Fit II Fit III
μ (104 MeV2) 1.232 1.022 1.335
α (10−3 MeV2) 0 1.482 0.5089
β (10−8 MeV0) 0 1.204 1.315
λ (10−3 MeV−1) 4.740 5.703 4.369
Using Eq. (6), we compute B/A as a function of the
baryon number for our improved model [BeM] for the 3
sets of parameters.The results are presented in Fig. 1.
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Figure 1: Binding energy per nucleon B/A for model BeM shown for
the parameters of Fits I, II, III, and experimental values.
Let us ﬁrst mention that the predictions for nuclei
masses are accurate to at least 0.4%, even for heavier
nuclei. Even more revealing is the rather good depic-
tion of the binding energy per nucleon B/A, which is
always within 10% of expt. values (and almost exact
for B  50 nuclei for Fit II). Needless to say that the
model shows a signiﬁcant improvement over the pre-
dictions of the Skyrme model which overestimates B/A
by at least an order of magnitude. Note that these re-
sults emerge from a low-energy QCD eﬀective meson
ﬁeld theory and in that sense, they are arguably better
than that of the more empirical Bethe-Weizsa¨cker mass
formula.
Further analysis is still required: (a) The size of nu-
clei or rms radius for the charge density shows the be-
havior
〈
r2em
〉1/2
= r0A1/3 , as is observed experimen-
tally, but is slightly too large with r0 = 1.90 fm in-
stead of the experimental value 1.23 fm. (b) Somewhat
related is the rather small (iso)rotational energy, espe-
cially for large nucleus. It predicts for example that
the mass diﬀerence between the Δ and the nucleon is
MΔ − MN ∼ 50 MeV. (c) Given our choice of potential
and parameters, we ﬁnd a very small pion decay con-
stant and no pion mass Fπ = 0.09 MeV (F
expt
π = 186
MeV) and mπ = 0 (m
expt
π = 138 MeV) so the link to
soft-pion physics is yet unclear. (d) The solution which
minimizes the static energy Es or the mass of the nuclei
Et for a given A remains unknown. (e) Several aspects
of the model remain to be studied (e.g. magnetic mo-
ments, vibrational and rotational excitations....).
Near-BPS Skyrme Models add both the nonlinear-σ
terms and the Skyrme term to the BPS model which
remains otherwise dominant. The purpose is to retain
some of the successes of the Skyrme Model. But this
allows to approximate the lowest energy solution by an
analytical axial solution, that of the BPS Model, and
compute directly the relevant physical quantities. In this
work, we show that it is possible to construct constant
baryon and charge densities for all A for such a model.
Although it remains a prototype model, it leads to a re-
markably accurate description of B/A and other proper-
ties of the nuclei. More generally, it clearly supports the
idea that nuclei could be near-BPS Skyrmions.
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